Introduction
The plane problem for an infinite strip containing an edge crack simulating a single edge notch specimen, a beam, or a plate and the problem of a rectangular block with an edge or an internal crack simulating a compact tension specimen are two of the more widely studied geometries in fracture mechanics. Aside from the standard finite element methods (e.g. [1]), a wide variety of analytical and numerical methods have been used to solve the problem. Some of the significant techniques used in these studies are the Wiener-Hopf method (e.g. [2] ), the method of weight functions (e.g. [3] ), the method of Laurent series (e.g. [4, 5] ), the conformal mapping technique (e.g. [6] ), the method of integral equations (e.g. [7, 8] ), and the method of boundary collocation (e.g. [9] [10] [11] ). In this paper the basic problem of multiple cracks for an infinite strip is considered by using the method of singular integral equations. The paper has two objectives. The first is to provide the solution of the interaction problem for a beam or a plate containing two or three edge cracks perpendicular to the boundary and subjected to membrane loading or pure bending. The second is to give an analytical solution to the crack problem for a rectangular block or a compact tension specimen which is subjected to arbitrary crack surface tractions or concentrated (body) forces.
Integral Equations of the Problem.
The basic crack geometry under consideration is shown in Figure 1 . It is assumed that y=O is a plane of symmetry with respect to loading as well as crack geometry and the conditions of the plane strain or the generalized plane stress are satisfied. In addition to arbitrarily distributed crack surface tractions, the medium may be acted upon by arbitrarily located concentrated forces P shown in the figure. First, it may easily be shown that(*) for a pair of point dislocations with densities g and h located at the point (xo'Yo) and defined by (la,b) the stress state in an infinite plane may be expressed as d 0yy (x,y) = g(xo'Yo)Gyy(x,y,Xo'yo) + h(xo'YO)Hyy(X,y,Xo'YO),
O~y (x,y) = g(xo,yo)GXY{x,y,Xo'yo) + h{xo,yo)HXY{x,y,Xo'yo) ' (2a-c) where u and v are the x and y-components of the displacement and the influence functions are given by {*)For example, by using complex potentials [12] or standard Fourier transforms. Hyy(X,y,Xo'YO) = ~(~¥K)
In (3) ~ is the shear modulus and K= 3-4v for plane strain and K = (3-v)/(l+v) for generalized plane stress, v being the Poisson's ratio.
Similarly, for a pair of concentrated body forces P and -P (per unit thickness) acting in y direction at points (m,n) and (m,-n), respectively, the stresses in the plane may be expressed as follows:
a~x (x,y) = P Qxx(x,y,m,n), a~y (x,y) = P Qyy(x,y,m,n),
where
Let us now consider the stress state in an infinite strip O<x<H parallel to the y axis for which y=O is a plane of symmetry. Using Fourier transforms and the conditions of symmetry it may be shown that 
xx xy xx xy on a solution for which the stress state is given by 0ij(x,y) = a~j(x,y) + a~j(x,y) + a~j(x,y), (i,j) = (x,y),
where a~j is the sum of the stresses due to symmetric dislocations located at points (xo'Yo) and (xo'-Yo) as given by {2} with g(xo'yo} = g{xo'-yo} and h(xo,yo) = -h(xo,-yo), one would obtain the formulation of a strip O<x<H, -~y<~ which is free of surface tractions, is subjected to concentrated forces P and -P, and contains the dislocations defined by (1) at (xo'Yo) and (xo'-Yo). If the dislocations mentioned are the only defects in the strip, then by substituting from (2) (3) (4) (5) (6) and (8) into (7) and by inverting the Fourier transforms, one can determine the unknown functions A 1 , ••• ,A 4 in terms of P, g, and h and thus, obtain the closed form solution of the problem. Needless to say, since the concentrated forces and the dislocations are "point functions", the solution for any number of symmetric forces and dislocations may. be obtained by a simple superposition of suitable solutions given by (2) (3) (4) (5) (6) (7) (8) .
Also note that the more general nonsymmetric solution may be obtained by expressing the strip solution (6) in terms of infinite Fourier transforms and by eliminating terms involving (y+n) in (5) .
Instead of dislocations if the strip contains cracks along c<xo = t<d, Yo = B = constant under a given set of surface tractions, by integrating the solution found for the dislocations in t one would obtain a system of integral equations for the unknown density functions g and h which may now be considered as functions of t only. Referring now to Figure 1 , let get), h{t), and get), -h(t) be the density functions defined by (1) for the cracks II and III, respectively for which c<t<d, In addition to concentrated forces ;P let the· strip be subjected to the following crack surface tractions Thus, the terms 01j in the superimposed stress state given by (8) must contain the contributions from crack I with the density functions g=f and h=O, crack II with g and h, and crack III with g and -h.
Following the procedure obtained above, after some straightforward manipulations the functions Ai(a), (i=1, ... ,4) may be determined from the boundary conditions [7] as follows:
where (13 ) and the functions Li(a) (i=1, .
•. ,5), and Ri(a), (i=1, ... ,4) are given in Appendix A. Thus, the complete solution of the problem is obtained once the density functions f, g, and h are determined. One may note that because of the assumed symmetry in formulating the problem the condition (lOb) is automatically satisfied. Substituting then from (8) giving the combined stresses in the strip into the crack surface boundary conditions (lOa), (lla) and (llb) one would obtain the system of integral equations to determine the functions f, g, and h as follows:
(14a-c) where the kernels kij(x,t) and the functions k i4 , (i,j=1,2,3) are given in Appendix B.
If the cracks are internal cracks as shown in Figure 1 , then the solution of the integral equations (14) must satisfy the following sing1e-va1uedness conditions:
For the internal cracks the integral equations (14) have ordinary Cauchy kernels and their solution may be obtained in a simple manner by using, for example, the technique described in [13] . After determining the density functions f, g, and h, the stress intensity factors at the crack tips may be defined and evaluated as follows:
where kl and k2 are Modes I and II stress intensity factors.
For edge cracks, the asymptotic behavior of the kernels and the nature of the singularity of the solution of the integral equations were treated in [14] . In the problem under consideration the asymptotic analysis of the kernels have been performed for the limiting cases of (a=O, b<H), (a>O, b=H), (c=O, d<H), (c>O, d=H), and (c=O, d=H). Omitting the analytical details, only the results are given in equations (14) and Appendix B. From (14) and Appendix B it may be seen that the singular part of the kernels on the main diagonal of the system of integral equations, for example, for a=O and c=O is given by
The kernel ks(x,t) is a generalized Cauchy kernel. The peculiarity of this particular generalized Cauchy kernel is that even though ks(O,t)=O for O<t<H and ks(x,O) = ° for O<x<H , the part of ks excluding the Cauchy kernel, i.e., the sum of the last three terms in (17), becomes unbounded as x·and t approach the end point zero simultaneously, that is, for t~ with x=At, A being an arbitrary nonzero constant. Because of this property it was shown in [14J that for a=O f(a) and for c=O g(c) and h(c) would be bounded. This;s also the result one would expect on physical grounds.
The technique for solving the edge crack has also been described in [14] .
3. The Results and Discussion (a) The Infinite Strip. The first problem considered is the problem of interaction of two symmetric internal cracks in an infinite strip under uniform tension.
Referring to Figure 1 and to the integral equations (14) : for this crack geometry we have a=b, c=H-d, P=O, P2(X) = -00' and P3(X) = O. Some calculated results are given in Table 1 . The stress intensity factors obtained for t/H = 0.05, !=(d-c)/2 are indistinguishable from the values given in [15] which are obtained for an infinite plane. Note that as the crack distance 2B decreases kl also decreases and k2 becomes more significant. The angle a shown in the table is a measure of the probable crack growth direction in brittle materials and is obtained from the simple assumption that along this direction 0aa(r,a) is maximum, where r« H-d [16] . Here a>O means that the cracks would propagate away from each other.
Some results for the problem of interaction of two symmetric edge cracks in a strip under uniform tension or pure bending away from the crack region are given in Figures 2-5. For this geometry we have a=b, c=O, and d<H. The figures also show the values of kl for a single edge crack (as the dashed line). For a single edge crack k2 and a are zero. Again note that kl is smaller than the corresponding single edge crack value, k2 becomes more significant as B decreases, and in brittle materials the cracks would tend to propagate away from each other.
The results for three edge cracks in a strip under uniform tension or bending are shown in Figures 6-11 . In all cases k 2 (d)<0 meaning that the outside cracks would again grow away from the crack in the middle. It may be observed that for a strip under tension and pure bending the Mode I stress intensity factor for the middle crack is less than that of the outer cracks which, in turn, is less than the corresponding single crack value. Comparing the results given in Figures 2-5 with those given in Figures 6-9 , it may be seen that the presence of the middle crack "relaxes" the stress state in the strip resulting in smaller stress intensity factors. Figure 10 shows the effect of the crack depth on the stress intensity factors. For b=dk«B,H) the results reduce to the value for a single edge crack in a semi-infinite plane, i.e., kl = 1.1216, k2 = o. As crack lengths increase, first the interaction effect and then the free boundary effect (from x=H) dominate. Consequently the values of k1(b) and k1(d) somewhat decrease before increasing sharply. Figure 11 shows an example for a beam or plate -9- The problems of the rectangular plate and the compact tension specimen are solved by letting c=O and d=H in the basic strip problem (see Figure 1 ). In this case both ends of the outer cracks are treated as if they are the free ends of an edge crack. The integral equations (14) with the generalized Cauchy kernels are still valid. In all the problems considered for this geometry, it is assumed that the tractions pz and P3 on the surfaces of the outer cracks are zero.
The calculated stress intensity factors for a square plate containing an internal crack and subjected to uniform tension perpendicular to the crack are shown in Table 2 . Here the parameters e and A represent the eccentricity in the crack location and the relative crack length, e=O being the symmetrically located central crack. A limited comparison of the stress intensity factors calculated in this paper and that obtained in [5] for the crack geometry used in [5] is given in Table 3 . In [5] only kl(b), the greater of the two stress intensity factors, is given. The agreement appears to be quite good.
The stress intensity factor in a square plate containing a symmetrically located central crack and subjected to concentrated wedge forces P (per unit thickness) in the middle of the crack is shown in Table 4 . The table also shows the results given in [11] . Again, the agreement appears to be very good. Note that for the infinite plate the result is kl = P/~/.lwhere t = (b-a)/2. The effect of the location of the concentrated wedge force on the stress intensity factor is shown in Figure 12 for a specific crack geometry. {*} In Figure 11 the strength of material solution is used for the uncracked strip. See L7] and [8J for the effect of concentrated forces and through thickness stress distribution obtained from the elasticity solution on the stress intensity factors. The results for a rectangular plate containing an edge crack and subjected to uniform tension are given in Figure 13 and Tables 5 and 6 (see insert in Figure 13 ). The figure shows the effect of the crack length on the stress intensity factor for two values of B/H. The effect of length-to-width ratio B/H of the plate on the stress intensity factor is given in Table 5 . For B/H = 2 the result is practically the same as that found for an infinite strip with an edge crack. Table 6 shows the effect of the crack length on the stress intensity factor in a square plate containing an edge crack and subjected to uniform tension (see insert in Figure 13 ). The table also shows the results given in [6] . It is seen that the agreement between the two sets of values ;s very good. The results for a square plate with an edge crack and subjected to concentrated wedge forces P (per unit thickness) on the crack surfaces are given in Figure (14) . Here the variable is the location of -14-the wedge force. As ~ the stress intensity factor would tend to the infinite plate value given by (l8) That is, it becoJlEs unbounded. Also, as ~ due to the "bending" effects the stress intensity factor would again increase. Hence, k1(b} goes through a minimum for a certain value of the load distance m. Similar results have been observed in [8] for an infinite strip with an edge crack which is subjected to a concentrated wedge force.
The remaining results in this paper concern an edge-cracked rectangular plate having the overall dimensions of a compact tension specimen which is under a pair of concentrated (body) forces P only. The geometry of the CTS is given by Figure 15 . Referring also to Figure 1 , it may be seen that W=0.8H, B=O.48H, m=0.2H, and n=0.32H. First, one may note that the effect of n, the load distance in y-direction on the stress intensity factor is rather insignificant. This may be seen from Table 7 . As seen from Table 8 , this is not the case for the load distance m in x-direction. It may be observed that for large values of m the stress intensity factor becomes negative. This is due to the fact that in the uncracked plate under concentrated loads +P the elasticity solution would give compressive stresses on part of the y=O plane. Table 7 . The effect of load distance n in y-direction on the stress intensity factor in a compact tension specimen under concentrated forces P. B=0.48H, m=0.2H, b=0.6H (see Figure 1) . Table 9 . Stress intensity factor for the compact tension specimen under concentrated forces P. m=0.2H, n=0.32H, 8-0.4BH, k*=k1(b)/(P/b/H) ( Figures 1 and 15 The stress intensity factor for the compact tension specimen corresponding roughly to the standard load location m=0.2H, n=0.32H (Figures 1 and 15 ) is given in Table 9 . The same results calculated in terms of the standard A/W values shown in Figure 15 and normalized with respect to Ko=P/1W are given also in Table 10 (second column). For practical applications the stress intensity factors given in Table  10 may be approximated by, for example, a polynomial through a least square curve fit in the following form:
It should be noted that K which appears in (19) and in Table 10 is the standard Mode I stress intensity factor used in fracture mechanics and is related to the stress intensity factor k1(b) defined in (16) (Figures 1 and 15) . Table 11 gives the coefficients c n of the polynomial (19) for various values of N. For N=6 the (approximate) results calculated from (19) are given in Table 10 (column 3) along with the values calculated from the expression given in [10] (column 4). These results show that for a compact tension specimen, particularly in analyzing fatigue crack propagation data, the expression given by (19) or that developed in [10] may be used with a certain degree of confidence. 
GI(a) = -KI, casaB Ic g(t)at e-atdt , where, 
-25- Same as Figure 4 , d=O.5H. 
